We study spectral and scattering properties of a spinless quantum particle con ned to an in nite planar layer with hard walls containing a nite number of point perturbations. A solvable character of the model follows from the explicit form of the Hamiltonian resolvent obtained by means of Krein's formula. We prove the existence of bound states, demonstrate their properties, and nd the on-shell scattering operator. Furthermore, we analyze the situation when the system is put into a homogeneous magnetic eld perpendicular to the layer; in that case the point interactions generate eigenvalues of a nite multiplicity in the gaps of the free Hamiltonian essential spectrum.
Introduction
The object of our interest in this paper is a spinless quantum particle living in a layer of a xed width d with the Dirichlet boundary conditions and interacting with a nite number of point perturbations. An obvious motivation for this problem is to nd a description for an electron in a semiconductor layer with impurities. However, such physical systems are in reality rather complicated objects which involve a crystal lattice with some alien atoms 1 and an electron gas, so one has to ask rst whether such a simple model can reproduce the basic features known from experiments.
It is well known that an electron in an ideally pure bulk semiconductor material can be modeled as a free particle with an e ective mass m which characterizes the relation between the energy and quasi-momentum at the Fermi level. Properties of the crystalline structure are thus expressed through a single material constant, which may be very di erent from the \bare" mass { recall that for GaAs we have m = 0:067m e .
There are two other assumptions in the \free" part of the model. The rst is its one-particle character which neglects the interactions between the electrons. There are situations where the repulsion plays an important role, such as the Coulomb blockade in quantum wires. On the other hand, the oneelectron model is known to work when the electron-gas density is su ciently low. Another assumption is the neglection of spin which is also not entirely trivial; recall that spin-dependent e ects in nanostructures have been studied recently { see 1] and references therein. In most situations, however, spinless electrons are a reasonable approximation.
The next question concerns the way in which we model the impurities. Using again a certain idealization, we describe them by point interactions. This method proved rather useful in the last two decades and gave rise to numerous solvable models; our aim here is to add one more class to this family. Intuitively point interactions are understood as sharply localized potentials, but it is known that a sophisticated coupling constant renormalization is required to give this concept meaning in terms of a limit of scaled potentials 2, Secs. I.1, I.5]. Mathematically such operators can be handled since they di er from the free Hamiltonian H 0 just by a change of the boundary conditions at the interaction sites. However, the counterintuitive features of three-dimensional point interactions are re ected both in the slow way in which they found their place in the theory and in the fact that the parameters appearing in these conditions cannot be interpreted as potential coupling constants but rather as the inverse scattering lengths corresponding to the point \obstacles" { cf. 2, Chap. I.3].
Scores of papers discussing point-interaction models in the Euclidean space, both for particles otherwise free or with a background regular potential, are summarized in the monograph 2]. Only in the last decade the attention shifted to systems with point interactions restricted to a certain region of con guration space; the reason clearly was a wide collection of new physical phenomena observed in such spatially restricted systems, mostly mesoscopic objects, but also electromagnetic waveguides, photonic crystals, etc. { see 3] . Here, too, point-interaction Hamiltonians proved as a useful tool and yielded some unexpected results such as the existence of a chaotic behaviour in systems whose classical counterparts are integrable 4].
Today there are many papers treating point interaction in restricted areas; a bibliography is given in the introduction of 5]. They typically put emphasis on the description of a speci c model rather than a proper handling of the point interaction. Among few existing rigorous treatments of the problem it is the paper 5] which motivates the present study analyzing point interactions in an in nite planar strip with Dirichlet boundary conditions, together with similar systems. There are two ways in which the results can be generalized to dimension three. One is a straight Dirichlet tube in R 3 with a xed compact cross section discussed in 6]; it is a straightforward extension, apart of a di erent way of computing the regularized Green's function.
In the present paper we are going to study a less trivial generalization, with point interactions situated in a at layer with a Dirichlet boundary. The free system allows here again a separation of variables, so the free resolvent kernel and all the quantities derived from it such as eigenfunctions, etc., can be written by means of explicitly given series (in this sense models considered here are little \less solvable" than those in the full space when such quantities can be written in terms of elementary or special functions).
Although the model description is simple, it covers many di erent situations. For the sake of brevity we restrict ourselves in this paper to systems with a nite number of point perturbations in absence of a background potential leaving other cases to a sequel. We make an exception, however, by devoting a separate section to the case when the particle is under in uence of a homogeneous magnetic eld perpendicular to the layer. The spectrum of the unperturbed system is then changed completely consisting of in nitely degenerate eigenvalues which are sums of the Landau levels and the transverse eigenvalues; for \rational" combinations of parameters di erent Landau levels may lead to the same eigenvalue. A nite number of point perturbations then gives rise to a nontrivial discrete spectrum.
Let us describe brie y the contents. The next section is devoted to the case of a single perturbation. We start from the de nition of the pointinteraction Hamiltonian by means of boundary conditions coupling generalized boundary values. After that we use Krein's formula to derive the explicit expression for the resolvent; it involves the regularized Green's function which is given by a speci c series as mentioned above { see (2.14). In Section 2. 4 we use this result to analyze spectral properties of such Hamiltonians. The bound state energies are given by the implicit equation (2.19) , and it is just the limits of strong and weak coupling where we are able to write the explicit expressions for the leading term of the asymptotics. In both the extreme cases the eigenvalue behavior can be easily understood: in the strong-coupling situation it goes to ?1 in the same way as if there were no boundaries because the corresponding eigenfunction is strongly localized, while in the weak-coupling case the eigenvalue approaches the threshold of the essential spectrum and the wavefunction is dominated transversally by the lowest mode. We also nd that the eigenvalue decreases with the distance from the layer boundary. In the last part of Section 2 we shall discuss the scattering in the presence of a perturbation. If there is a single point interaction, we can employ the symmetry of the problem with respect to rotation around the axis passing through the perturbation and perpendicular to the layer. The partial wave decomposition in the \longitudinal" coordinates shows that the only nontrivial contribution to the scattering comes from the s-wave, i.e. from states with the orbital momentum m = 0. Within this subspace, the scattering problem is reduced to transitions between transverse modes; the nal S-matrix then describes a coupling of the \open" channels, i.e. the transverse modes with the energies lower than that of the incoming spherical wave. We also derive the on-shell scattering operator which maps the incoming wave vector and transverse mode into the outgoing ones; the advantage of this approach is that it does employ the symmetry and allows for a generalization to the case with multiple perturbations. Section 3 extends the described analysis to any nite number N of point perturbations. The technique remains the same, and since the di erence between the two resolvents is of rank N, the essential and absolutely continuous spectra are again preserved. On the other hand, the analysis of the discrete spectrum becomes more complicated. There are n eigenvalues, where 1 n N, which are found by solving the implicit equation det (z) = 0 with the N N matrix given by (3.8) . The number n depends on the coupling strength. In the strong coupling limit there exist exactly N eigenvalues having the same asymptotic behavior as in the one-center case. On the other hand, for weak coupling we nd only one eigenvalue approaching the threshold of the essential spectrum; in this sense our system exhibits a behavior typical for all weakly coupled Schr odinger operators.
A new feature for systems with N 2 is that they can posses eigenvalues embedded in the essential spectrum. This is possible, e.g., when the point perturbations are placed symmetrically with respect to the layer axis and have the same (su ciently strong) coupling: the corresponding eigenfunction cannot then contain contributions from transverse modes with the energy equal or smaller than this eigenvalue. We will show that this is true for embedded eigenvalues generally: their eigenvectors have to be orthogonal to the subspace spanned by the \lower" transverse modes. For N 2 the system exhibits no longer a rotational symmetry, hence we cannot employ the partial-wave decomposition to describe the scattering. However, the second approach mentioned above is applicable here and we can derive again the onshell scattering operator. It is similar to that of the one-centre case di ering just by replacement of a single regularized Green's function by a sum of the elements of the matrix { see (3.34) .
Section 4 deals with the situation when the layer is placed into a homogeneous magnetic eld perpendicular to its boundary. The Krein's formula is applicable but the free resolvent is substantially di erent from the nonmagnetic case; this is re ected in the form of the essential spectrum which now consist the \sum" of the Landau levels and the transverse mode energies; it, of course, is preserved by a nite number of point perturbations. If there is a single perturbation we get exactly one eigenvalue in each spectral gap, i.e. between any two neighboring levels. In the strong and weak coupling limits it approaches the upper and lower endpoint of corresponding \free" gap, respectively. Only for the lowest gap we nd a di erent behavior in the strong-coupling limit case; the eigenvalue goes to ?1 with the same asymptotics as in the non-magnetic case. Finally we present a generalization to the case of N point interactions analogous to the considerations of Section 3.
A Single Perturbation

The free system
Consider an in nite layer := R 2 0; d] with the coordinates denoted as x = (x; y) , where x = (x 1 ; x 2 ) 2 R 2 and y 2 0; d]. We consider a single spinless nonrelativistic particle con ned to . Since the actual values of physical constants are not essential throughout the paper, we put~= 2m = 1 and suppose that the free motion of the particle is governed by the Dirichlet Laplacian ? D .
Recall that this operator can be de ned for rather general domains in R n as the Friedrichs extension of an appropriate quadratic form 7 The last sum equals using 10, I, 5.1.15. Putting the results together, we get the sought formula
14) expressing the regularized Green's function in the form of a series. It is certainly more complicated than an expression of the corresponding quantity for the whole space in terms of elementary functions 2, Chap. I.1], but it allows us to derive the needed properties of the function to compute the values of (ã; z) numerically.
Remark 2.1 Notice the scaling behavior with respect to the change of the layer thickness, i.e. the formulae relating properties of the family = R 2 0; d ]; > 0. Here the dimension of the con guration space is decisive. While for two-dimensional system the scaling amounts to logarithmic shift of the function as shown in 5], in three dimension the transformation is multiplicative. We nd easily that the situation is the same as for straight tubes in R 3 studied in 6], i.e. we have (ã ; z ?2 ) = ?1 (ã; z), whereã := (a ; b ). This means, in particular, that the singularities of the resolvent which we will discuss below using equation (2.19) The function under the integral is again continuous in the interval (c; t), hence it is integrable and the statement is proved. If t = t 0 would be an isolated eigenvalue embedded in the continuous spectrum and the corresponding eigenfunction, the above relation remains valid for t 2 (t 0 ? ; t 0 ) (t 0 ; t 0 + ) with some > 0, while at the point t 0 the l.h.s. should have a jump, which is clearly impossible due to the continuity of the integrated function.
To determine the discrete spectrum, we have to nd the poles of the resolvent. Recall that a perturbation which can be reduced to a self-adjoint extension of a common symmetric restriction with de ciency indices (1; 1) can give rise to at most one simple eigenvalue in each gap of the spectrum 11, Sec. Since sin 2 This con rms the mentioned general conclusion: it follows from the stated properties of (ã; ) that the equation (2.19) has for any 2 R a unique eigenvalue "( ;ã) in (?1; 1] and that the function "( ;ã) is monotonously increasing, "( ;ã) > "( 0 ;ã) if > 0 :
Furthermore, (ã; ) is a real-analytic function because for a xed z 1 < ?1 it is expressed on a complex neighborhood of (?1; z 1 ) through a uniformly convergent series whose terms are analytic. It follows from the implicitfunction theorem that "( ;ã) is a C 1 function { see 12, Chap.XIV]. The function "( ;ã) is also monotonous with b "( ;ã) < "( ;ã 0 ) if jb ? =2j < jb 0 ? =2j :
The behavior of the eigenvalue is shown in Fig. 2 . We are also interested in the asymptotic behavior of the eigenvalue in the limits of weak and strong coupling. In the former case we have "( ;ã) 1 (2.27 ) and the eigenfunction is described by (2.29).
(e) There are no eigenvalues in 1; 1).
Scattering
Since the Hamiltonian H( ;ã) is invariant under rotations around the axis passing through the pointã and perpendicular to , we may simplify the treatment of stationary scattering using a partial-wave decomposition. We use the tensor-product representation It is also clear from this discussion that the eigenfunction of H( ;ã) analyzed in the previous section exhibits a symmetry, (R(')x; ;ã) = (x; ;ã), where R(') is the rotation of on an angle ' around the axis passing through the pointã and perpendicular to .
Let us return to the scattering problem. As in 2, Chap. I.5] the rotational symmetry means that the S-matrix part corresponding to partial waves with m 2 Z n f0g is trivial, i.e. the unit operator. In distinction to 2, Chap. I.5], however, the s-wave part (we denote it as S again to keep the notation simple) is still in general a complicated operator because the point interaction can couple di erent transverse modes. Its dimension depends on the number of the \open channels", i.e. of the transverse modes in which the particle of energy z can propagate; for d = the latter is The Hamiltonian H( ;ã) is given again by the formulae (2.5) and (2.6) with the boundary condition (2.4) replaced by (3.1) andã understood in the sense mentioned above. Any of the point interactions can be switched o when corresponding coupling constant j is formally put equal to in nity.
The resolvent
We again use the Krein formula to nd the resolvent kernel. To derive this expression we employ the argument analogous to that leading to the value of the function (ã; z) in Section 2.3. means that one eigenvalue of ( ;ã; z) tends to ?1 as z ! 1? . Furthermore, the eigenvalues of ( ;ã; z) are continuous functions of z, so comparing the last claim with (3. 19) we nd that at least one of the eigenvalues crosses zero for some z, i.e. that H( ;ã) has at least one isolated eigenvalue. We may ask whether there some of the eigenvalues may be degenerate. For the sake of brevity we rewrite the matrix ( ;ã; z) as ( ;ã; z) = jm ( j ? j (z)) + (1 ? jm )g jm (z); Hence there exists a b 2 2 (0; b 1 ) such that all the non-diagonal elements of the matrix are the same, g 13 = g 12 = g 23 . Choosing j which satisfy j ? j = g 12 we obtain a matrix of rank one, i.e. z is an eigenvalue of multiplicity two.
Embedded eigenvalues
We have shown in the previous chapter that a single point interaction cannot produce eigenvalues embedded in the continuous spectrum. This is no longer true if N 2 as the following example shows. Example 3.1 Consider a pair of perturbations with the same placed at a 1 = (0; 0; b) andã 2 = (0; 0; ? b). We can divide the eigenvalue problem into symmetric and antisymmetric parts with respect to the plane f(x; =2) : x 2 R 2 g. We obtain properties of the antisymmetric part by scaling the one{ center problem: substituting = 1antisymmetric part has a single eigenvalue which tends to 4 as ! 1, hence it is embedded in the continuous spectrum for large enough.
Thus we cannot exclude existence of embedded eigenvalues in general. We can, however, prove a weaker result. In the example the symmetry was essential, which means in particular that the eigenfunction is dominated by the second transverse mode. We will show that in general any eigenvalue z > 1 cannot contain contributions from transverse modes with n p z].
Suppose that H( ;ã)' = z' for z > 1. We employ the relation (3.11) and take 0 in the form 0 (x) = P 1 n=1 g n (x) n (y), where g n 2 L 2 (R 2 ). Substituting this 0 into (3.11) and using the fact that f n g is an orthonormal If g n 2 L 2 (R 2 ) thenĝ n should also belong to L 2 (R 2 ). It is not possible if z > n 2 and the r.h.s. of (3.22 ) is nonzero at p n !, where p n = p z ? n 2 and ! is a unit vector in R 2 . Recall that the factor (jpj 2 ? z 0 + n 2 ) ?1 has no singularity, because z 0 2 (H) by assumption.
To avoid the singularity ofĝ n at jpj = p n we have to require
for an arbitrary unit vector ! from R 2 . If all the a j 's are di erent it follows that d j n (b j ) = 0 for each j. If some of them are the same the condition changes to P j d j n (b j ) = 0 where j runs through the a j 's which coincide. In both casesĝ n is identically zero for n 2 < z.
Consider now an arbitrary g 2 L 2 (R 2 ) and n 2 < z. Using (3.11) and (2.3) we arrive at (g n ; ') = (ĝ;ĝ n ) + N X j=1 d j n (b j )(g; i 4 H (1) 0 (k n (z 0 )jx ? a j j)) :
The rst scalar product is equal to zero becauseĝ n is zero. If all the a j 's are di erent then d j n (b j ) = 0 for all j and the whole r.h.s. is equal to zero. If some a j 's are the same, the condition P N j=1 d j n (b j ) = 0 leads to (g n ; ') = 0 again. The conclusion holds true for all n = 1; : : : ;
p z] what we have set out to prove.
The limits of strong and weak coupling
Of the two extreme situations, consider rst the strong coupling. One can write the matrix ( ;ã; z) in the form 
Scattering
Comparing to the one-center case, the Hamiltonian H( ;ã) with a nite number of perturbations loses in general the invariance with respect to rotations around an axis perpendicular to . Hence we cannot employ here the partial wave decomposition and we turn directly to the \closed form" of the on{shell scattering amplitude and on{shell scattering operator. By ? e ?ikn(z)( )a k n ;
e ?ikm(z)( )a j m : (3.34) As in the one-center case, resonances are determined by the poles in the meromorphic continuation of the matrix-valued function ( jk ( ;ã; )).
A Layer in Magnetic Field
The free Hamiltonian
In this section, the layer = R 2 (0; d) is placed into a homogeneous magnetic eldB = (0; 0; B 
Conclusions
We have analyzed here spectral and scattering properties of a hard-wall layer with a nite number of point interactions. The results o er one more illustration of e ciency of Krein's formula which allows to reduce the task in fact to an algebraic problem. There are other interesting question related to systems with nitely many perturbations such as relations between the perturbation con gurations and the spectra including the nodal structure, etc., positions of resonances including those coming from perturbation of the embedded eigenvalues, and so on. To keep this paper within reasonable limits, however, we postpone these questions to a sequel. The same applies to systems with an in nite number of point obstacles which o er a wider variety of spectral types. Let us brie y mention several problems which we regard as worth of attention. One of them concerns the number of gaps in periodic systems. A periodic layer of point interactions in R 3 has at most one gap 2, Sec. III.1]. On the other hand it is known that the presence of boundaries can enhance the number of gaps in the twodimensional case 5]; a similar e ect is expected in dimension three: for a thin enough layer there will be many open gaps between the rst and the second transverse threshold. A more di cult question concerns the validity of the Bohr-Sommerfeld conjecture in such systems.
Even more interesting are spectral properties of periodically perturbed layers in presence of a magnetic eld. It is well known that a combination of a square lattice of point interactions and a homogeneous magnetic eld leads to a very rich spectrum whose properties depend substantially on the number-theoretical properties of the ratio between the lattice spacing and the eld intensity (which determines the cyclotronic radius) { see 2, Sec. III.2.5] or 24]. Putting such a system into a layer brings a third parameter (the layer width d) which will determine how \thickly" the transverse-mode component are overlayed in the spectrum.
The same applies to edge-type states. It was shown recently that an equidistant array of point interaction in combination with a homogeneous magnetic eld can produce bands of absolutely continuous spectrum away of the Landau levels 25]. One is naturally interested how the spectrum will change if the array is con ned between a pair of hard walls. Other problems concern aperiodic perturbations, external electric eld, spin e ects, etc.
